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Abstract
An influence of nonlinear interference processes at quantum transitions under strong resonance electro-
magnetic fields on absorption, amplification and refractive indices as well as on four-wave mixing processes
is investigated. Doppler broadening of the coupled transitions, incoherent excitation, relaxation processes,
as well as power saturation processes associated with the coupled levels are taken into account. Both closed
(ground state is involved) and open (only excited states are involved) energy level configurations are con-
sidered. Common expressions are obtained which allow one to analyze the optical characteristics (including
gain without inversion and enhanced refractive index at vanishing absorption) for various V , Λ and H con-
figurations of interfering transitions by a simple substitution of parameters. Similar expressions for resonant
four-wave mixing in Raman configurations are derived too. Crucial role of Doppler broadening is shown.
The theory is applied to numerical analysis of some recent and potential experiments.
Keywords: quantum interference, lasing without inversion, resonant four-wave mixing, Doppler and
strong field effects. PACS: 42.50.Gy, 42.55.-f, 42.65
I INTRODUCTION
Many concepts of quantum optics were originated proceeding from the assumed equality of probabilities of in-
duced transitions accompanied by an absorption and emission of photons predicted by A. Einstein. Requirement
of population inversion for lasing is direct consequence from this equality.
At the presence of several resonant electromagnetic fields, probability amplitudes of a coupled quantum
states contain several oscillating components at close frequencies. Therefore alongside with squared modules of
appropriate components cross terms indicating an interference of quantum transitions appear while calculating
transitions probabilities. The coherent nonlinear optical phenomena stipulated by the indicated evolution of
quantum states, driven by several fields, were called as nonlinear interference effects (NIE) [1, 2]. In quantum
optics NIE may result in different coupling of a radiation with atoms in absorbing and emitting states controlled
by the auxiliary fields [3, 4]. Various appearances of these effects are feasible. Soon after discovery of lasers
Rautian and Sobelman [5] showed feasibility of amplification without inversion (AWI) in two-level systems.
The features of AWI in optical three-level systems were explored in [6, 2]. Studies of NIE in absorption/gain
spectra including experiments on generation of an optical radiation in three-level systems, so that generation
was possible only at the expense of nonlinear interference effects, drew much attention in 60th and 70th [7].
(Review of relevant optical experiments and of earlier papers on AWI in microwave range see in [9, 8].) Coherent
population trapping (CPT ) is one of the appearances of NIE for the states with negligible relaxation rates
and Doppler effects. In 80th – 90th studies of coherent interference processes at quantum transitions have been
attracting much interest again in the context of AWI, electromagnetically - induced transparency (EIT ), CPT ,
enhanced nonlinear optical frequency conversion and other manifestations of these effects [10].
In classical terms an emission and absorption of a radiation are stipulated by forced oscillations of bound
charges and depend on phase difference between radiation and induced oscillations. However, a radiation may
simultaneously drive several coherent interfering oscillations of a various origin. Depending on a relation of
their phases and amplitudes the interference can be either constructive or destructive, full or partial. Thus the
matching components of an optical response can either amplify or suppress each other. On the other hand,
the macroscopic response of a medium can be thought as result of quantum transitions, at which the photons can
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simultaneously contribute in several quantum pathways. By applying semi-classical approach a deep analogy
with many well known effects of classical physics can be used to interpret and foresee the relevant quantum
optics effects. Thus, leaving aside classifications of involved elementary quantum processes (introduced and
valid for weak fields in the limits of perturbation theory), it is possible to predict and to explain wide range of
optical processes, stipulated by quantum interference, some of them are quite unusual.
The objective of the paper is to consider various appearance of interference effects in resonance nonlinear -
optical processes with the aid of the outlined approach in a context of some recent experiments. The amplitude
and phase relations of interfering intra-atomic oscillations depend on configuration and on relaxation charac-
teristics of the coupled transitions, on type of nonlinear-optical process, on intensities and frequency detunings
of the radiations from resonances. Due to the difference in Doppler shifts the contributions to the macroscopic
polarization of atoms at various velocities in gases may interfere in a different way too. The interference appears
differently in an absorption, refraction and in different four-wave mixing (FWM) processes.
As an illustration of NIE the following results will be presented:
1. The possibility of an amplification of a radiation without inversion of saturated populations on resonant
transition is investigated. Influence of the growth of intensity of an amplified radiation on inversionless amplifi-
cation in various open and closed transition configurations is analyzed. The conditions are formulated and with
the concrete examples is shown, that by proper change of incoherent excitation rate of levels and of auxiliary
radiation intensity the index of an inversionless amplification does not decrease with growth of intensity of an
amplified radiation. The elements of the theory of such lasing without inversion are presented.
2. It is shown, that due to Maxwell velocity distribution of atoms and corresponding inhomogeneous broad-
ening of the coupled transitions, incoherent excitation of the intermediate levels may drastically change both
spectral properties and a magnitude (by orders of magnitude) of nonlinear susceptibilities for resonant FWM
processes. As the consequence, important power saturation effects appear. These features must be taken into
account for explanation of the experiments and optimization of frequency-conversion. Resonant FWM coupling
of two strong and two weak radiations is considered. Formulas for both cases of coupling, one is relevant to
coherent population trapping, another – when each level is coupled to only one driving field are derived. The
outcomes are applied to numerical analysis and to discussion of recent experiments [11].
II ABSORPTION AND REFRACTION INDICES FOR A STRONG RADIATION AT THE PRES-
ENCE OF OTHER STRONG RADIATION, COUPLED TO AN ADJACENT TRANSITION
First, consider interaction of two strong laser fields at the three-
FIG. 1: Transition configurations.
level system. Possible configurations of such systems are shown in
FIG.1: folded V and Λ, and cascade - H . In further we shall in-
vestigate spectral features of a gas material for a radiation E4 at
frequency ω4, tunable in the vicinity of a transition l−m. It’s inten-
sity is not supposed weak. Depending on the configuration of tran-
sitions under consideration one of the auxiliary strong fields E1, E3
or E2 with frequencies ω1, ω3, ω2, resonant to adjacent transitions
shown in the figure is turned on. All radiations are supposed to
be uniformly polarized co- or counter-propagating travelling wave:
Ej(z, t) = Ej exp{−[i(ωjt − kjz)]} + k.c., where kj - can take both positive and negative values, j = 1, 2, 3, 4.
Incoherent excitation of the levels with Maxwell’s velocity distribution, all possible population and coherence
relaxation channels are accounted for.
It is necessary to distinguish the open and closed energy-level configurations. In open one (lowest level is
not ground), the rate of incoherent excitation of the levels by an external source practically does not depend
on the rate of induced transitions between considered levels. In the closed one (lowest level is ground one), the
excitation rate for atoms at different levels and velocities depends on the value and velocity distribution of the
other populations, which are dependent on the intensity of the driving fields.
A General equations for absorption end refraction indices
Power dependent susceptibility χ4, responsible for absorption and refraction, can be found from the equation:
PNL(ω4) = Nχ4E4, (1)
where polarization PNL(ω4) is convenient to calculate with aid of density matrix ρij :
P = Nρijdji + c.c.. (2)
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Taking into account above discussed relaxation and incoherent excitation processes, density matrix equations
for a mixture of pure quantum mechanical ensembles in the interaction representation can be written in general
form as:
Lnnρnn = qn − i[V, ρ]nn + γmnρmm, Llmρlm = L4ρ4 = −i[V, ρ]lm, (3)
Lij = d/dt + Γij , Vlm = Glm · exp{i[Ω4t− kz]}, Glm = −E4 · dlm/2~,
where Ω4 = ω4 − ωmn - frequency detuning from resonance; Γmn - homogeneous half-widths of transitions, in
absence of collisions Γmn = (Γm+Γn)/2; Γn =
∑
j γnj - inverse lifetimes of levels; γmn - rate of relaxation from
the level m to n, qn =
∑
j wnjrj - rate of incoherent excitation to a state n from underlying levels. For open
configurations qi - is mainly determined by the population of the ground state and practically does not depend
on the driving fields.
In a steady-state regime a set of density-matrix equation may be reduced to the set of algebraic equations
[12]. Below we present only results of calculations. Despite of essential distinctions in manifestations of NIE in
different open and closed configuration, formulas for absorption/gain (α) and resonant part of refractive (δn)
indices and also for power dependent populations of the levels can be presented uniformly for all configurations
shown on FIG.1:
α4/α04 = Re{χ4/χ04}, δn4/2δn04 = Im{χ4/χ04}, αi/α0i = Re{χi/χ0i }, δni/2δn0i = Im{χi/χ0i },
χ4
χ04
=
Γ4
P4
∆r4(1 + u2)∓∆rig2
∆n4(1 + g1 + u2)
,
χi
χ0i
=
Γi
Pi
∆ri(1 + g
∗
1)∓∆r4u∗1
∆n4(1 + g∗1 + u
∗
2)
, (4)
Here and further index i specifies transition, resonant to the auxiliary radiation (see FIG.1), χ is susceptibility,
α0, δn0, χ0 are corresponding maximum resonant values at zero field intensities, Pj = Γj + iΩj (for example:
Plm = P4 = Γ4+ iΩ4, Plm = P
∗
ml, Plf = P42 = Γlf + i(Ω4+Ω2) etc.). If the atom moves with speed v, Doppler
shift of resonances must be taken into account by substitution Ωj for Ω
′
j = Ωj − kjv. In further strokes will
be omitted, but it is supposed, that the Doppler shift in the formulas is taken into account. ∆r4 = rl − rm is
power dependent population difference; ∆n4 = nl−nm, ni - population of the level in absence of driving fields,
which is described by the formula: ni = (qi/Γi) + (γki/Γi)(qk/Γk).
g1 = |Gi|2/P4P4i, g2 = |Gi|2/P ∗i P4i, u1 = |G4|2/P4P4i, u2 = |G4|2/P ∗i P4i. (5)
Gj are coupling Rabi frequencies. Formulas for populations differences can be presented uniformly too:
∆r4 = (∆n4X2 ∓∆niX3)/(X1X2 −X3X4),∆ri = (∆niX1 ∓∆n4X4)/(X1X2 −X3X4). (6)
X2 = 1 +Re{a24æ4Γ4
P4
g2
1 + g1 + u2
+ a2iæi
Γi
Pi
1 + g∗1
1 + g∗1 + u
∗
2
},
X3 = Re{a34æ4Γ4
P4
g2
1 + g1 + u2
+ a3iæi
Γi
Pi
1 + g∗1
1 + g∗1 + u
∗
2
},
X1 = 1 +Re{a14æ4Γ4
P4
1 + u2
1 + g1 + u2
+ a1iæi
Γi
Pi
u∗1
1 + g∗1 + u
∗
2
},
X4 = Re{a44æ4Γ4
P4
1 + u2
1 + g1 + u2
+ a4iæi
Γi
Pi
u∗1
1 + g∗1 + u
∗
2
},
a14 = −a34, a1i = −a3i, a24 = −a44, a2i = −a4i. (7)
Sign minus in (4),(6) concerns to folded V (E4, E1) and Λ (E4, E3) schemes, plus - to cascade H (E4, E2)
scheme. Beside that in the ladder H-scheme, Pi must be substituted for P
∗
i , and vice a versa: P
∗
i for Pi. æ4
and æi - are saturation parameters accordingly for transitions 4 and i. For open configurations
æ4 = 2|G4|2(Γl + Γm − γ4)/(ΓlΓmΓ4), (8)
whereas æi and parameters aij depending only on relaxation constants are defined below for each configuration.
1. V - scheme (fields E4, E1; i = 1)
OPEN CONFIGURATION
æi = æ1 =
2|G1|2(Γg + Γl − γ1)
ΓgΓlΓ1
, a2i = a21 = 1, a14 = 1, a3i = a31 =
Γg − γ1
Γg + Γl − γ1 , a44 =
Γm − γ4
Γl + Γm − γ4 . (9)
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CLOSED CONFIGURATION
æ4 = 4|G4|2/ΓmΓ4,æi = æ1 = 4|G1|2/ΓgΓ1,
a3i = a31 = 0.5∆n4, a44 = 0.5∆n1, a2i = a21 = 0.5[1 + ∆n1], a14 = 0.5[1 + ∆n4]. (10)
2. Λ - scheme (fields E4, E3, i = 3)
OPEN CONFIGURATION
æ3 = 2|G3|2(Γm + Γn − γ3)/ΓmΓnΓ3, a2i = a23 = 1, a14 = 1,
a3i = a33 = Γn(Γl − γ4)/Γl(Γm + Γn − γ3), a44 = Γl(Γn − γ3)/Γn(Γm + Γl − γ4). (11)
CLOSED CONFIGURATION
æ4 =
4|G4|2
ΓmΓ4
, a3i = a33 = 1 +∆n4 − (1 + 2∆n4) Γm − γ3
Γm + Γn − γ3 , a44 = 0.5[1−
γ3
Γn
+∆n3(1 +
γ3
Γn
)],
a2i = a23 = 1 +∆n3(Γn − Γm + γ3)/(Γn + Γm − γ3), a14 = 0.5[1 + ∆n4(1 + γ3/Γn)]. (12)
H-scheme (fields E4, E2; i = 2)
OPEN CONFIGURATION
æ2 =
2|G2|
2(Γf + Γm − γ2)
ΓfΓmΓ2
; a14 = 1; a2i = a22 = 1; a3i = a32 =
Γl − γ4
Γl
Γf − γ2
Γm + Γf − γ2
; a44 =
Γl
Γl + Γm − γ4
. (13)
CLOSED CONFIGURATION
æ4 = 4|G4|2/ΓmΓ4, a3i = a32 = (1 + 2∆n4)(Γf − γ2)/(Γm + Γf − γ2)−∆n4, a44 = 0.5(1−∆n2),
a14 = 0.5(1 + ∆n4), a2i = a22 = 1 +∆n2(Γm − Γf + γ2)/(Γm + Γf − γ2). (14)
NIE are associated with coherence at two-photon transitions and disappear at |P4i| → ∞. At G4 = 0 formulas
(4), (6) converge into those, similar to discussed and analyzed in [6, 2, 8, 9]. Following [6], range of parameters
where amplification is not accompanied by the inversion of power-dependent populations can be easily found
from (4), (6). For the resonant coupling in V and Λ schemes conditions for AWI at the transitions 4 and i take
the form, correspondingly:
∆r4/∆ri < g2/(1 + u2); ∆ri/∆r4 < u1/(1 + g1). (15)
Similar formulas for H schemes show, that on the contrary to the previous configurations, inversion of popula-
tions on the adjacent transition is required for AWI in center of the resonance, or amplification under certain
conditions arises in wings of a resonance. (More detail formulas and analysis are given in [12].
Threshold and output power of lasing without inversion can be found from the equation:
α4 = T, (16)
Where T is loss of a radiation from a laser cavity per one pass, scaled to the unit of length of the amplifying
medium. Thus, the derived expressions determine conditions and characteristics of inversionless generation too.
B Numerical analysis
Below we shall apply the derived expressions for numerical analysis of NIE in open (Ne) and closed (Na)
configurations of transitions. The same transitions of Ne were considered in [6] for illustration of possible AWI
of weak probe field. The formulas for velocity averaged absorption index were derived and difference in NIE
for backward and forward waves in inhmogeneously broadened transitions was analyzed in [4, 2] for the cases
of weak probe field and coupling Rabi frequency of driving field not exceeding Doppler width of the transition.
Therefore in further main attention will be given to effects accompanying increase of intensity of an amplifying
radiation.
FIG. 2a shows that inhomogeneous broadening does not destroy macroscopic coherence effects and NIE.
The relative change of absorption index by an auxiliary field appears even larger, than for a homogeneously
broadened transition. Coherent coupling gives rise to amplification at ω4 and establishes populations so that
there is no inversion neither on one- nor on two-photon transitions FIG. 2b. With the growth of E4 populations
of m and g levels aim to equal magnitude, which indicates appearance of coherent population trapping. In the
latter case a small modulation of velocity distribution on the level m appears. Like in [6, 2], analysis shows
that in order to attain AWI certain ratio between initial (in the absence of the radiations) populations must
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FIG. 2: Velocity-averaged absorption/gain index and populations vs velocities at inhomogeneously broadened l − m
transition (l – excited state, open configuration) in the presence of strong field at l − g transition (Ne, 2s2 – 2p4 –
3s2) (co-propagating waves). λ1 = 1150nm, λ4 = 630nm (Ne), Γm = 3 · 10
7c−1, Γl = 5 · 10
7c−1, Γg = 10
7c−1,
γml = γml = 0.5 · 10
7c−1. Ratio of initial populations is: Nl : Ng : Nm = 100 : 50 : 85. a – absorption index
(y4 = Ω4/Γlm), b – populations vs velocities (z = v/v¯, frequency ω4 is locked to the absorption minimum). 1 –
S1 = |E1dlg/2~|
2/Γ1Γgm = 5, S4 = |E4dml/2~|
2/Γ4Γgm = 0. Ω1 = 350Γlg ; 2 – S1 = 5, S4 = 1, Ω1 = 360Γlg . c –
velocity-averaged absorption/gain index vs field intensities (Ω1 = Ω4 = 0).
be fulfilled. FIG. 2c shows that absorption (gain) strongly depends on the intensities of both driving and
probe fields. As it was outlined, the open and closed systems differ both in possible magnitudes of relaxation
parameters and in dependence of incoherent excitation on an intensity of the driving fields. FIG. 3 considers
the case, when 36% of a ground state atoms are initially excited by an incoherent pump to a level m, that
still may correspond to strong absorption at the transition ml. By that strong driving field E1 may produce
AWI for co-propagating shorter-wavelength weak radiation at ω4, which makes approximately 50% from an
initial absorption (FIG. 3a). The amplification happens in absence of saturated population inversion for all
transitions (FIG. 3b). It is essential that a population of a top level m depends on the strength of E1 even at
zero intensities of a probe radiation E4.
FIG. 3: Velocity-averaged absorption - gain index (a)
and populations vs velocities (z = v/v¯) (b) at inhomo-
geneously broadened l −m transition in the presence of
strong field at l − g transition (l - ground state, closed
configuration, co-propagating waves). λ4 = 330nm,
λ1 = 590nm (Na; 3P1/2 – 3S – 4P1/2). Γm = 9 · 10
7c−1,
Γg = 63 · 10
7c−1, Nl : Ng : Nm = 64 : 0 : 36. a: 1 –
S1 = 10, S4 = 0, y1 = 0; 2 – S1 = 10, S4 = 20, y1 = 20.
b – ω4 corresponds to: 1 – to the right, 2 – to the left
point of a zero absorption of the appropriate curve in a .
FIG. 4: Velocity-averaged absorption/gain index vs field
intensities for co-propagating waves (Ω1 = Ω4 = 0). a –
Nl : Ng : Nm = 64 : 0 : 36; b – Nl : Ng : Nm = 60 : 0 :
40. Other parameters are like in FIG. 3.
Curve 2 (FIG. 3a) shows, that the AWI strongly depend on intensity of an amplified radiation, that is
accompanied for the given configuration by noticeable change of populations of levels m and l. (FIG. 3b)
displays energy and velocity distribution of the atoms corresponding to appearance of transparency at ω4. It is
interesting to note that the distribution sharply varies with increase of intensity of E1.
FIG. 4 shows, that AWI may be maintained in a certain level with growth of intensity of an amplified
radiation by changing incoherent excitation rate and strength of an auxiliary radiation.
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III INTERFERENCE EFFECTS IN RESONANT FWM AT DOPPLER BROADENED TRANSI-
TIONS
The use of resonant FWM in gases for frequency conversion allows one to decrease the required power of fun-
damental radiations down to the magnitudes characteristic for cw lasers [11, 13, 14, 15, 16]. FWM concerns
to so-called coherent nonlinear - optical processes, depending on phase-mismatch. As it was outline above, at
resonant coupling, various coherent component stipulated by correlated quantum transitions and giving contri-
bution to the process of radiation conversion can interfere. Constructive interference gives rise to enhancement
of appropriate components of nonlinear polarization and destructive on the contrary - to elimination. Studies
of appearances of quantum interference at FWM continue to attract significant interest [17] in the context of
possible use for increase of conversion efficiency. The values of interfering components depend on energy level
populations, which, in turn, depend on intensity of radiations and on processes of incoherent excitation and
relaxation. Constructive or destructive character of an interference depends on a relation of phases coherent
component and, therefore, on detunings from resonance and on type of nonlinear - optical process. In gaseous
media inhomogeneous Doppler broadening of transitions is characteristic of typical experimental conditions.
Depending on energy level, value and sign of Doppler shift, contributions of atoms, moving at various speeds, to
macroscopic nonlinear polarization can both enhance and suppress each other. The above listed effects appear
in a different way in absorption, refraction and in FWM macroscopic polarization. It turns out that even small
incoherent excitation of the levels at Doppler broadened transitions may drastically change spectral properties
and by orders of magnitude value of the nonlinear susceptibility [18, 2, 19]. The choice of optimal conditions of
conversion is essentially determined not only by influence of interference processes on nonlinear susceptibilities,
but also on indices of an absorption (amplification) and refraction for coupled waves propagating through a
resonance medium. Velocity selective population transfer and other effects of resonant coupling with strong
fields give rise to specific power saturation effects in FWM . In [11] experimental features were observed, which
did not find explanations in framework of before published lowest order perturbation theory.
This section is devoted to investigation of mutual influence of quantum
FIG. 5: Coupled transitions.
interference, relaxation, incoherent pump of levels, Doppler broadening, ef-
fects of strong fields on FWM nonlinear polarization, and absorption of
coupled radiations in the context of experiments [11]. We shall consider Ra-
man like coupling (FIG.5) and FWM processes of a type ω4 = ω1−ω2+ω3
as well as inverse process ω3 = ω4 − ω1 + ω2. That allows to compare in-
fluence of the above discussed elementary effects on conversion processes in
different conditions. The elementary quantum mechanical processes, deter-
mining FWM , essentially depend on that whether the atom at an energy
level couples with two strong fields or with one strong and one weak field.
In the range of negligibly small change of the strong radiations both due
to absorption and conversion and assuming exact phase-matching, quantum efficiency of conversion E3 in E4
ηq4(ω2) = (k3/k4)|E4(z)/E3|2 can be presented in the form:
ηq4 = k3k4| 2piNχ(3)4 E1E∗2/(∆α/2) |2exp{−α4z}(exp{−(∆α/2)z} − 1)2, (17)
where N – atomic number density, χ
(3)
4 – nonlinear susceptibility, ∆α = α1 + α2 + α3 − α4 ≈ α3 − α4, αj
– absorption index for corresponding radiation. Quantum efficiency for conversion of E4 in E3 is written in
symmetrical form by substitution of χ
(3)
4 , α4 for χ
(3)
3 , α3. For small length z << min{(α4,3)−1, (∆α/2)−1}
spectral features of conversion is determined only by nonlinear susceptibility and by intensities of the strong
fields.
ηq4,3 = k3k4 | 2piNχ(3)4,3E1E2 |2 z2 (18)
A FWM in two strong and one weak fields at the conditions of maximum coher-
ence and coherent population trapping
In this section expressions for nonlinear polarization at frequencies ω3 and ω4 will be presented for cases, when
the fields E1 and E2 are strong. Their frequencies ω1 and ω2 are close accordingly to the transition frequencies
ωlg and ωng. Radiations E3 and E4 with frequencies ω3 and ω4, close to the transition frequencies ωnm and
ωlm - are supposed nonperturbatively weak. NIE in two strong fields may give rise to such population transfer
between levels l and n that population of the intermediate level g change negligibly. Such behavior is similar
to CPT (for review see [20]). In more general sense a term CPT is often applied to the processes whereas
contribution of NIE in population transfer is crucial. Such type of coupling will be considered in this section.
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Nonlinear FWM susceptibilities χ˜
(3)
3,4 are determined by the equations:
PNL(ω3) = Nχ˜
(3)
3 E
∗
1E2E4, P
NL(ω4) = Nχ˜
(3)
4 E1E
∗
2E3. (19)
Expressions for χ˜3,4 as well as for absorption (refractive) susceptibilities χi, derived with density matrix in
similar way as that in Section II, are given by [21]:
χ˜3 =
−iK
d3(1 + q2)
[
R∗1
P ∗1
(
1
P41
+
1
P ∗12
)
+
R2
P2P ∗12
+
R4
P4P41
]
,
χ˜4 =
−iK
d4(1 + q1)
[
R1
P1P12
+
R∗2
P ∗2
(
1
P32
+
1
P12
)
+
R3
P3P32
]
, (20)
χi/χ
0
i = ΓiRi/Pi∆ni, R1 = [(1 + g
∗
2)∆r1 − u∗1∆r2]/(1 + g∗2 + u2), R2 = [(1 + u∗2)∆r2 − g3∆r1]/(1 + g2 + u∗2),
R3 =
∆r3(1 + q1)− u3R∗2(1− q3) + q1u2R1
1 + q1 + u4
, R4 =
∆r4(1 + q2)− g1R∗1(1 − q4) + q2g2R2
1 + q2 + g4
.
g1 =
|G1|2
P41P ∗1
, g2 =
|G1|2
P ∗12P2
, g3 =
|G1|2
P ∗12P
∗
1
, g4 =
|G1|2
P41P4
, u1 =
|G2|2
P ∗12P2
, u2 =
|G2|2
P12P1
, u3 =
|G2|2
P32P ∗2
, u4 =
|G2|2
P32P3
,
q1 =
|G1|2
P32d4
, q2 =
|G2|2
P41d3
, q3 =
|G1|2
P12d4
, q4 =
|G2|2
P ∗12d3
,∆r1 =
∆n1X2 −∆n2X3
X1X2 −X3X4 ,∆r2 =
∆n2X1 −∆n1X4
X1X2 −X3X4 ,
d3 = Γ3 + i(Ω4 − Ω1 +Ω2), d4 = Γ4 + i(Ω1 − Ω2 +Ω3),
rj = nj +∆r2(b
j
1æ1F2 + b
j
2æ2F3)−∆r1(bj1æ1F1 + bj2æ2F4),
X1 = 1 + a1æ1F1 − a2æ2F4, X2 = 1 + a3æ2F3 − a4æ1F2,
X3 = a2æ2F3 − a1æ1F2, X4 = a4æ1F1 − a3æ2F4. (21)
F1 = Re{Γ1
P1
1 + g∗2
1 + g∗2 + u2
}, F2 = Re{Γ1
P1
u∗1
1 + g∗2 + u2
}, F3 = Re{ Γ2
P ∗2
1 + u2
1 + g∗2 + u2
}, F4 = Re{ Γ2
P ∗2
g∗3
1 + g∗2 + u2
}.
Here and further ∆r1 = rl−rg,∆r2 = rn−rg,∆r3 = rn−rm,∆r4 = rl−rm,∆n4 = nl−nm, etc., rj and nj are
population of levels accordingly power dependent and in absence of the fields; æ1, æ2 – saturation parameters;
ak, b
j
k - coefficients, determined by relaxation properties of the transitions, which are different for open and
closed transition configurations and will be defined below; K is constant.
OPEN CONFIGURATIONS
For the open system the parameters in (22)are:
æ1 =
2|G1|2(Γg + Γl − γ1)
ΓgΓlΓ1
, æ2 =
2|G2|2(Γg + Γn − γ2)
ΓgΓnΓ2
,
a2 =
Γn
Γl
Γl − γ1
Γg + Γn − γ2 , a4 =
Γl
Γn
Γn − γ2
Γl + Γg − γ1 , a1 = a3 = 1,
bg1 = −
Γl
Γl + Γg − γ1 , b
g
2 =
Γn
Γg + Γn − γ2 , b
n
1 = −
γ2
Γn
bg1,
bn2 = −
Γg − γ2
Γg + Γn − γ2 , b
l
1 =
Γg − γ1
Γl + Γg − γ1 , b
l
2 =
γ1
Γl
bg2, b
m
i = 0.
CLOSED CONFIGURATION
The corresponding parameters in (22) take the values:
æ1 = 4|G1|2/ΓgΓ1, a1 = 0.5[1 + ∆n1(1 + γ2/Γn)], a2 = 1 +∆n1 − (1 + 2∆n1)(Γg − γ2)/(Γg + Γn − γ2),
a3 = 1 +∆n2[1− 2(Γg − γ2)/(Γg + Γn − γ2)], a4 = 0.5[1− (γ2/Γn) + ∆n2[1 + (γ2/Γn)],
bl1/nl = b
m
1 /nm = (Γn + γ2)/2Γn, b
l
2/nl = b
l
2/nl = −(Γn − Γg + γ2)/(Γg + Γn − γ2),
bn1 = 0.5nn − (1− nn)γ2/2Γn, bn2 = (2nn − 1)(Γg − γ2)/(Γg + Γn − γ2)− nn,
bg1 = ng(Γn + γ2)/2Γn − 0.5, bg2 = 1− ng − (1− 2ng)(Γg − γ2)/(Γg + Γn − γ2),
nl = (1 + wm/Γm + wg/Γg + w
′
n/Γn)
−1
, nm = wmnl/Γm, ng = wgnl/Γg,
nn = w
′
nnl/Γn, w
′
n = wn + wgγgn/Γg + wmγmn/Γm
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B FWM of two strong and two weak radiations under condition of perturbation
of each resonant energy level only by one strong radiation
In [11] the features coming out from increase of intensity of a radiation at frequency ω3 were investigated too.
Consider a case, where the fields E1 and E3 are strong, and E2 and E4 - weak. With the aid of solution of a
set of equations for off- and diagonal elements of density matrix up to the first order of perturbation theory in
respect of the weak fields equations for the susceptibilities can be presented as [22]:
χ˜2 =
−iK
d2(1 + v∗5 + g
∗
5)
[(
∆r1
P1P ∗41
+
∆r3
P3P ∗43
)
+
R∗4
P ∗4
(
1
P ∗41
+
1
P ∗43
)]
, v5 =
|G3|2
P41d∗2
, g5 =
|G1|2
P43d∗2
, v1 =
|G3|2
P43P ∗3
,
χ˜4 =
−iK
d4(1 + v∗7 + g
∗
7)
[(
∆r1
P1P12
+
∆r3
P3P32
)
+
R∗2
P ∗2
(
1
P12
+
1
P32
)]
, v7 =
|G3|2
P ∗12d
∗
4
, g7 =
|G1|2
P ∗32d
∗
4
, v2 =
|G3|2
P ∗32P2
,(22)
R2 =
∆r2(1 + g7 + v7)− v3(1 + v7 − g8)∆r3 − g3(1 + g7 − v8)∆r1
(1 + g2 + v2) + [g7 + g2(g7 − v8) + v7 + v2(v7 − g8)] , v8 =
|G3|2
P ∗32d
∗
4
, g8 =
|G1|2
P ∗12d
∗
4
, v3 =
|G3|2
P ∗32P
∗
3
,
R4 =
∆r4(1 + v5 + g5)− g1(1 + g5 − v6)∆r1 − v1(1 + v5 − g6)∆r3
(1 + g4 + v4) + [v5 + v4(v5 − g6) + g5 + g4(g5 − v6)] , v6 =
|G3|2
P43d∗2
, g6 =
|G1|2
P41d∗2
, v4 =
|G3|2
P43P4
,
d2 = Γng + i(Ω1 +Ω3 − Ω4), χi/χ0i = Γi∆ri/Pi∆ni, (i = 1, 3), χi/χ0i = ΓiRi/Pi∆ni, (i = 2, 4). (23)
The rest notations are the same as in Subsection III.A. Expressions for the populations are:
OPEN CONFIGURATION
∆r1 = [(1 + æ3)∆n1 + b1æ3∆n3]/[(1 + æ1)(1 + æ3)− a1æ1b1æ3],
∆r3 = [(1 + æ1)∆n3 + a1æ1∆n1]/[(1 + æ1)(1 + æ3)− a1æ1b1æ3],
∆r2 = ∆n2 − b2æ3∆r3 − a2æ1∆r1, ∆r4 = ∆n4 − a3æ1∆r1 − b3æ3∆r3,
rm = nm + (1 − b2)æ3∆r3, rg = ng + (1 − a3)æ1∆r1,
rn = nn − b2æ3∆r3 + a1æ1∆r1, rl = nl − b1æ3∆r3 + a3æ1∆r1,
æ1 = æ
0
1
Γ2lg
|P1|2 , æ
0
1 =
2(Γl + Γg − γgl)
ΓlΓgΓlg
|G1|2, æ3 = æ03
Γ2mn
|P3|2 , æ
0
3 =
2(Γm + Γn − γmn)
ΓmΓnΓmn
|G3|2,
a1 =
γgna2
Γn − γgn =
γgnΓla3
Γn(Γg − γgl) =
γgnΓl
Γn(Γl + Γg − γgl) ,
b1 =
γmlΓnb2
Γl(Γm − γmn) =
γmlb3
Γl(Γl − γml) =
γmlΓn
Γl(Γm + Γn − γmn) .
CLOSED CONFIGURATION
The populations of levels are described by the equations:
Γmrm = wmrl − 2Re {iG∗3r3} , Γgrg = wgrl − 2Re {iG∗1r1} ,
Γnrn = wnrl + 2Re {iG∗3r3}+ γgnrg + γmnrm, rl = 1− rm − rg − rn,
where r1 = iG1∆r1/P1, r3 = iG3∆r3/P3. The solution is
rl = nl(1 + æ3)(1 + æ1)/β, rg = (1 + æ3)[nl(1 + æ1)−∆n1]/β,
rn = {nm(1 + æ3)(1 + æ1) + [∆n3(1 + æ1) + ∆n1γ2æ1/Γn](1 + bæ3)} /β
rm = {nm(1 + æ3)(1 + æ1) + [∆n3(1 + æ1) + ∆n1γ2æ1/Γn]bæ3} /β,
∆r1 = rl − rg = ∆n1(1 + æ3)/β, ∆r3 = rn − rm = [∆n3(1 + æ1) + ∆n1γ2æ1/Γn]/β,
where β = (1 + æ3)[1 − ∆n3 + 2(nl + nm)æ1] + (1 + 2bæ3)[∆n3(1 + æ1) + ∆n1γ2æ1/Γn], ∆n1 = nl − ng,
∆n3 = nn − nm, nm = nlwm/Γm, ng = nlwg/Γg, nn = nlwn′/Γn, nl = (1 + wm/Γm + wg/Γg + wn′/Γn)−1,
wn
′ = wn + wgγgn/Γn + wmγmn/Γn, b = Γn/(Γm + Γn − γ3), æ1 = (2|G1|2/Γ1Γg)(Γ21/|P1|2), æ3 =
(2|G3|2(Γm + Γn − γ3)/ΓmΓnΓ3)(Γ23/|P3|2). The remaining denotations are former.
C Effect of Doppler broadening on resonant FWM
Formula for χ˜
(3)
4 in lowest order of perturbation theory [18] can be derived from (20), (22) at Gi → 0:
χ˜
(3)
4 (ω4 = ω1 − ω2 + ω3) =
iK
Γml + i(Ω
′
1 − Ω′2 +Ω′3)
·
·
{
1
Γgm + i(Ω
′
3 − Ω′2)
· [ ng − nn
Γng − iΩ′2
+
nm − nn
Γmn + iΩ
′
3
] +
1
Γln + i(Ω
′
1 − Ω′2)
· [ ng − nn
Γng − iΩ′2
+
ng − nl
Γlg + iΩ
′
1
]
}
, (24)
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where Ω
′
j = Ωj − kjv, ni = Ni · exp{−(v/v¯)2}/
√
piv¯. As the function of v all terms in (24), besides those
proportional to ng − nn, have all poles in one and the same complex half plane. Therefore at Γi << kiv¯ only
terms, proportional to ng − nn, do not vanish after averaging over Maxwell’s velocity distribution. Velocity
averaged susceptibility is:
< χ˜
(3)
4 (ω4) >v=
iKpi1/2 exp{−(Ω2/k2v¯)2}(Ng −Nn)
k2v¯[Γ˜1 + i(Ω1 − k1Ω2/k2)][Γ˜3 + i(Ω3 − k3Ω2/k2)]
, (25)
Γ˜1 = Γnl + (k1/k2 − 1)Γng, Γ˜3 = Γgm + (k3/k2 − 1)Γng.
As it is seen from (25), for the process ω4 = ω1 − ω2 + ω3 interference of contributions of atoms at different
velocities to the velocity averaged nonperturbed FWM nonlinear susceptibility < χ˜4 >v leads to the fact,
that in the lowest order on the small parameter Γ2/k2v¯, it is proportional to the velocity integrated difference
between populations of the excited states Ng−Nn. In the similar way, with aid of (22) one can find, that on the
contrary, < χ˜2 >v for the process ω2 = ω1−ω4+ω3 in the same approximation is determined by the population
difference on transitions from the lowest level. For the resonant sum frequency FWM ω4 = ω1+ω2+ω3 in the
cascade configuration of levels velocity averaged susceptibility occurs proportional to higher order of the small
parameter Γ/kv¯ compared to Raman-type difference-frequency coupling [2]. These features demonstrate great
difference between resonant FWM processes in homogeneously and inhomogeneously broadened transitions.
In strong electromagnetic fields above mentioned processes are accompanied by the velocity selective pop-
ulation transfer and by some other intensity dependent effects. In [11] experiments on resonant cw FWM at
Raman-like electronic molecular transitions of Na2 have been carried out. Frequency tunable radiation at ω2
was generated at the same transition of Na2 either in external dimer Raman laser or FWM was performed
inside the Raman laser cavity. Frequency ω2 was tuned by tuning ω1. Radiation at ω3 was provided from cw
dye laser. High conversion efficiency have been attained in single frequency nearly power saturation regime.
Observed FWM frequency tuning characteristics occured in disagreement with the predictions of lowest order
perturbative theory. From that the authors derived the questions to be answered with the aid of an advanced
nonperturbative theory. We shall use above presented expressions for the numerical analysis of the models with
the parameters, close to that in the experiments, in order to explain main observed features.
The electronic - vibration-rotation transitions between X , A and B electronic levels of the dimer were used
in the experiments, the lowest electronic level being ground one. Two FWM processes were investigated: when
frequency ω3 less than ω2 and, therefore frequency of a generated radiation ω4 was less than ω1 (down conversion)
and opposite upconversion process. As it was discussed above, different appearances of interference processes
at Doppler broadened transitions can be expected in those cases. Main observed experimental dependencies,
which did not find explanations, can be summarized as follows.
According to (25), at Ω1 − k1Ω2/k2 = 0, in the lowest order of perturbation theory the maximum output of
FWM at ω4 as a function of ω3 corresponds to Ω3 = k3Ω2/k2 = 0. Lineshape of the resonance is Lorentzian
with the linewidth of the order of characteristic homogeneous widths of optical transitions. However, in the
down conversion experiments the wide resonance of the order of Doppler width of transition ml with the center
being locked at ω3 ≈ ωmg was observed. It’s position practically did not vary at tuning ω2 within Doppler
resonance of the transition gn (at the expense of tuning of ω1, so that Ω2 = k2Ω1/k1). In the upconversion
experiments the resonance was tunable by tuning frequency ω2, but with the slope less than dΩ3/dΩ2 = k3/k2.
Width of the resonance also was commensurable with the Doppler width of the transition ml.
For numerical analysis we have used a model with the transitions parameters, close to those from the
experiment.
1. Down conversion: λml = 598 nm, λgl = 488 nm, λmn = 655 nm, λgn = 525 nm; k1v¯ = 6.94, k2v¯ = 6.45,
k3v¯ = 5.17, k4u = 5.66, (in terms of 10
9 c−1); Γm = 200, Γn = 30, Γg = 260, γmn = 2, γml = 4, γgn = 20,
γgl = 10, Γln = 40, Γnm = 110, Γlm = 110, Γgm = 130, Γng = 140, Γlg = 140, (in terms of 10
6 c−1)
Nl/Nn = 30/2.
2. Up-conversion: λml = 473 nm, λgl = 661 nm, λmn = 514 nm, λgn = 746 nm; k1v¯ = 5.12, k2v¯ = 4.54,
k3v¯ = 6.59, k4v¯ = 7.16, (in terms of 10
9 c−1); Γm = 200, Γn = 30, Γg = 260, γmn = 2, γml = 4, γgn = 20,
γgl = 10, Γln = 40, Γnm = 110, Γlm = 110, Γgm = 130, Γng = 140, Γlg = 140, (in terms of 10
6 c−1),
Nl/Nn = 110/3.2, population of two upper levels being negligibly small.
First, with an aid of these models we shall illustrate a role of an interference at velocity averaging of nonlinear
susceptibilities in weak fields. For down conversion in exact one- and multiphoton resonances and homogeneously
broadened transitions computing gives the ratio of squared modulus of nonlinear susceptibilities |χ(3)3 /χ(3)4 |2 =
2.5. For averaged values it yields | < χ(3)3 >v / < χ(3)4 >v |2 = 2.31 · 102. If to change the population ratio for
the inverse magnitude (Nn/Nl = 30/2), we obtain: |χ(3)3 /χ(3)4 |2 = 0.4. The difference between averaged values
sharply decreases. Their ratio in this case yields: | < χ(3)3 >v / < χ(3)4 >v |2 = 0.13.
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For up-conversion similar computations give: |χ(3)3 /χ(3)4 |2 = 2.7, | < χ(3)3 >v / < χ(3)4 >v |2 = 1.45 · 103. At
the inverse population ratio (Nn/Nl = 110/3.2) we obtain: |χ(3)3 /χ(3)4 |2 = 0.37. The difference between averaged
values sharply decreases. Their ratio in this case is: | < χ(3)3 >v / < χ(3)4 >v |2 = 0.24.
Thus, effect of inhomogeneous broadening of the resonant transitions on FWM processes may be very
strongly dependent on a specific process, as well as on distribution of the populations over levels and velocities.
Therefore one can expect that velocity selective population transfer and other effects of strong fields may change
conclusions of the lowest order perturbative theory.
For small number density and medium length FWM conversion efficiency of weak radiation is proportional to
a product of intensities of the strong radiations and squared modulus of velocity averaged nonlinear susceptibility
(equation (18)). The later is intensity dependent too. Further we shall numerically analyze effects of the strong
fields on conversion efficiency with an aid of the expressions of the subsections III.A and III.B. Intensities of
the radiations will be characterized by the parameters S1 = |G1|2/ΓglΓnl and S2 = |G2|2/ΓgnΓnl, which are
chosen in near saturation range like in the experiments. Figures 6 show, that for the chosen parameters due
FIG. 6: Squared modulus of scaled velocity averaged nonlinear susceptibility | < χ(3)4 >v / < χ
(3)
40 >v |
2 vs scaled
detuning y3 = Ω3/Γnm at various detunings Ω1 (Ω2 = k2/k1Ω1. a and b: upconversion, S1 = 150, S2 = 350); a: 1
– Ω1 = 0, 2 – Ω1 = 10Γlg , 3 – Ω1 = 20Γlg , 4 – Ω1 = 30Γlg ; b: 1 -Ω1 = 40Γlg , 2 – Ω1 = 50Γlg , 3 – Ω1 = 60Γlg , 4 –
Ω1 = 70Γlg . c: downconversion; S1 = 1000, S2 = 2000; 1 - Ω1 = 0, 2 - Ω1 = 50Γlg .
FIG. 7: Squared modulus of scaled velocity averaged nonlinear susceptibility | < χ(3)4 >v / < χ
(3)
40 >v |
2 vs scaled
detuning y3 = Ω3/Γnm at various detunings Ω1 (Ω2 = k2/k1Ω1) (upconversion, each level is coupled to only one strong
field). a: Ω1 = 0, S1 = 1000; 1 – S3 = 1000, 2 – S3 = 1600. b: S1 = 2000, S3 = 2100; 1 – y1 = 0, 2 – y1 = 20, 3 –
y1 = 40, 4 – y1 = 60. c: same as in b, but S1 = 4000, S3 = 4200.
to power broadening the resonance is much broader than homogeneous transition width and is commensurable
with Doppler linewidth, which is of the order 60 in the used scale. For the parameters, corresponding to the
up-conversion experiments (FIG. 6 a,b) in the range of small detunings Ω1 (Ω2 = (k2/k1)Ω1) (FIG. 6 a) the
peak of the tuning curve is displaced very insignificantly (and even in the opposite side, depending on the value
of Ω1). At further increase of Ω1 (FIG. 6 b) the maximum shifts with the increase of Ω1, so that the slope Ω3/Ω1
is variable. A maximum of the slope corresponds to the detunings Ω1 of about a half of Doppler width of the
transition gl. Thus for the considered intensities the value of the slope reaches ≈ 0.8, that makes ≈ 0.5(k3/k1).
FIG. 6 c is computed and drown for the parameters, corresponding to down conversion experiments. For
the considered intensities the peak occurs locked to the center of transition ml practically in all an interval of
Ω1 within the Doppler width of transition gl.
When the weak field detunings are fixed and driving fields frequencies ω1 and ω2 (Ω2 = (k2/k1)Ω1) are tuned
to the maximum, computer analysis of the slope dΩ1/dΩ3 in the range of S1 = 65, S2 = 2.33 ·S1 shows behavior
similar to that observed in experiments [11] (dΩ1/dΩ3 ≈ k1/2k3). (Ratio S1/S2 = 2.33 is chosen according to
261
the ratio of prodacts of experimental field intensities and Franck-Kondon factors.)
In the experiments [11] the features, following increase of intensity of E3, were observed too. In order to
consider effects of this field and to understand whether CPT play a decisive role in observed dependencies we
have carried out numerical analysis of the up-conversion model with aid of formulas from the Subsection III.B
(FIG. 7).
FIG. 7 a shows that at certain ratio of intensities even power narrowing of Doppler broadened FWM
resonance may happen. FIG. 7 b displays approximately constant slope dΩ3/dΩ1 (Ω3 corresponds to the
maximum output), which is about 0.75, in a quite wide interval of Ω1. Only for Ω1, larger than Doppler width,
the slope starts decreasing. At larger intensities the slope varies more considerable, when Ω1 is tuned within
the Doppler line. So for FIG. 7 c the slope makes up 0.1 in the vicinity of y1 = 20; 0.8 - in the range of y1 = 40
and 0.6 - at y1 = 60.
FIG. 8: Velocity-averaged absorption/gain indices scaled to the nonperturbed absorption index at ω = ωgl < αi >v
/ < α01 >v at S1 = 150, S2 = 350 (upconversion). a – absorption of strong radiations vs ω1 (Ω2 = k2/k1Ω1); change in
absorption of converting and generated radiations as tuning ω1 (Ω3 = 0) (b ) and ω3 (Ω1 = 0) (c ).
In an absorbing medium spectral properties of absorption indices may
FIG. 9: Effect absorption on FWM .
bring important effect on FWM . FIG. 8 a-c display corresponding
lineshapes. FIG. 9 is computed with aid of formula (17) and shows
that additional broadening of the tuning curve of FWM output may
arise from the propagation effect in an absorbing medium (Z = α10z,
Ω1 = 0, S1 = 150, S2 = 350 (upconversion)).
In conclusion, the theory of nonlinear interference processes at
Doppler broadened quantum transitions in two strong resonant optical
fields is developed. The derived formulas allow one account for such
contributing processes relevant to experiments as various relaxation
channels, incoherent excitation by an external source, population transfer
and other coherent and incoherent effects accompanying coupling with
strong optical fields in various open and closed configuration of tran-
sitions. Explicit formulae accounting for the effects of the strong fields
are derived. Such appearance of quantum interference as amplification
(and lasing) without inversion of power saturated populations and specific effects in resonant four wave mixing
in gases are analyzed with the aid of numerical models. Parameters of the model are close to those of some
recently carried out experiments. Crucial effect of Doppler-broadening on the contributions of the populations
of different levels to four-wave mixing, which determine selection of optimal energy-level configuration and
conditions for the experiments, is shown. Unexpected dependencies, observed in the experiments are explained.
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